ISOCH - Lagrangian Structure (Part 3 of 5)

Autor: [Thomas Graf * Vaihingen a. d. Enz * Germany] — Version: 1.1 * © November 2025

Linear Perturbations, Stability, and Calibration of the Matter-Dynamics Rate )ypr

This chapter links the linear perturbation analysis and stability of the matter-dynamics rate xypr
with the empirical calibration of its potential V()(MDR; a(e)). The objective is a closed
representation of the dynamics of small deviations around the homogeneous solution, as well as
the data-driven determination of the potential parameters (best fit, residuals) derived from
supernova, CF3, and BAO data.

Variable Convention in ISOCH: Theoretical relations use €; empirical fits are expressed in z. The
correspondence is established through an empirical mapping € = f(z). (The original equations
from the sources are reproduced without modification and subsequently—where necessary—
reflected in ISOCH-conform notation.)

Linear Perturbations and Stability

In this chapter, only perturbations of the matter-dynamics rate 8xypr on a fixed FLRW background
are considered. Metric perturbations 8g,,, are notincluded. The background quantities H, p,, py
are closed by the Friedmann pair in Part 4 and serve as the reference for all linear modes.

We consider small perturbations around the homogeneous background rate:
xvpr(X"M) = Xypr(®) + Sxmpr(x"), 18XMmpr| K |)_(MDR|-

The linearization of the variational equation in the FLRW background yields:

2y

. . 1
S¥mpr + 3H S)Ympr — ?VZSXMDR + Sxmpr = 0.

XMDR

2
d MDR

With the Fourier decomposition Syypr(X, t) = [ 8xmpr(k, t) e** d3k it follows for each mode k:

. . k? %v
8¥mpr + 3H8YMpr + (; + mgff) 8XmpRy, = 0, m&; = o

> 0.
XMDR

This represents a damped harmonic oscillator with damping term 3H and (undamped) mode
frequency

k2
2 _ 2
W, = 22 + M.
Original Solution Form (Source):

3
8Xmpr, (£) = Ag e 2" sin(wyt + dy) .
Stability Criteria (Source):

K.

2
XMDR > 0, Mgr > 0.

These conditions exclude ghost modes (negative kinetic energy) and tachyonic instabilities.
(Section and equations follow the original file on perturbation analysis.)
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Note on the ISOCH Convention (Reflection, not Replacement):
In the damped oscillator formalism, the damped natural frequency is often written as

, k¥ 3Hy?
ofa =gz +mir = (5)

The original source, however, states

k2
2 _ 2
Wi = _az + mgg

and expresses the solution in the form
e 3Ht2 sin(wyt + dy).

We adopt the original formula (as required) and indicate the ISOCH-conform damping notation
additionally in parentheses.

Physical Significance (Source):

The Hubble damping term 3H Syypr Suppresses local deviations; the potential curvature
(through mgff) generates a restoring force. The matter-dynamics rate relaxes toward xypr = 1.

Mode dynamics of the xMDR field (damped oscillation)
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Figure 1: Schematic representation of the mode dynamics 8xypg, (t) with envelope e 3Ht/2 gng

frequency wy; parameter examples taken from the calibration section.
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Potential Forms and Equation of Motion (Calibration Framework)

For calibration, the variational equation is integrated in the background:

y . av
Kypr Gompr + 3H Xmpr) + =0
OXMDR

Two potential forms are tested (Source):
1. Linear-Drift Potential

V'(Xmpr) = A3,,p; = const.

2. Quadratic Relaxation Potential

1
V(Xmpr) = 2 m;%MDR (XmDR — 1)2.

Both potentials are fitted to the empirical trend function (Source):

Original fit relation:  Xgpo(e) ~ 1 — tisoci —
N

where ogocy is taken as the slope from observational data. (The source mixes € and z; the ISOCH-

conform notation is provided below.)

ISOCH-conform reflection of the fit relation (complementary):

€ b z _
Xepo(8) = 1 — aysoch " Xepo(2) = 1 — oysocn oy e = f(2).

(This reflection does not alter the original equation; it merely makes the required ISOCH
separation explicit.)

Dataset Type z-Range Quantity Used Normalization Z Purpose
SHOES/
Cepheid- Local SNe Local
calibrated sample 0.01-0.15 d,(2), Horef 0.15 anchor
SNe la
Galaxy Flow
<
CF3 (flow) velocity field 0.05 v/Ho 0.05 calibration
BAO (eBOSS Mid-z
DR16/BOSS cometr 0.3-2.5 Fyp(2) 2.3 High-z link
DR12) g y
Global SNe Ia XEPO
Pantheon+ sample 0.01-2.3 w(z), d,(2) 2.3 empirical fit

Table 1: Overview of the datasets used (SNe la, CF3, BAO) and the normalization variable zy;
definition of the discretization steps used in the numerical integration.

Calibration Results and Residuals

The calibration yields normalized parameter combinations (Source):

A3 m2
—AMDR ~ 3.4 x 1073 HE, —AMDR ~ 2.9 X 1072 H3
KXMDR KXMDR
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as well as characteristic residuals (Source; smallest mean deviation for the linear-drift potential).

Both potentials reproduce the empirical x5 (z) function within the uncertainties.

Empirical trend and potential calibration Residuals
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Figure 2: Comparison of the reconstructed X%}%ﬁ,(z) from both potentials (Linear-Drift vs.
Quadratic) with the data points; residuals shown in the inset or Panel B.
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Figure 3: Phase-space representation (Xmpr, YmMpr) OF both potentials with identical asocy-
normalization; visualization of the relaxation toward yypr = 1.

Parametric Uniqueness (Reference to a-Fixation)

From the calibration it follows that the potential parameters are uniquely determined by oygocy (N0
free fit variables). The normalized best-fit values given in the calibration file (see above) are
directly linked to the empirical slope; in the sensitivity analysis (separate document), the £1c error
bands lie below approximately 10%. (Only the reference is established here; the actual derivation
of the error bands is provided in the sensitivity document.)
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Consolidated Interpretation

e Stability: ForK, > 0and mZ; > 0, the modes 8xmpr,, are damped. The original
solution is given in the form e ~3Ht/2 sin(w t + ¢y) (With w2 = k?/a? + m%); this
describes the relaxation toward the fixed point xypr = 1.

e Calibration: Both potentials V' = A3

1
Supg ANd V = 5m>2(MDR(XMDR — 1)? reproduce the

empirical trend function; the linear-drift potential achieves the smallest mean residual.
The normalized parameter values (relative to Hy) are as given above.

¢ ISOCH Convention: Theoretical relations are expressed in g; empirical fits remain in z.
The original fit equation from the source (with € and z in a single line) was quoted
unchanged and directly mirrored in ISOCH-conform form (separate expressions for theory
and empirics).

Conclusion

The present synthesis shows that the matter-dynamics rate xypg is linearly stable and that its
potential parameters can be uniquely fixed by the empirical slope a5ocy- The perturbation
analysis yields the damped mode behavior with relaxation toward xypr = 1; the calibration

against x25$ (z) determines the parameter combinations

3 2
AXMDR/KXMDR und mXMDR/KXMDR

in physically plausible magnitudes (normalized to Hy) with small residuals. The ISOCH variable
convention (theory in g, empirics in z) is explicitly implemented without altering the original
formulas: originals were reproduced verbatim and directly mirrored in ISOCH-conform form.
Thus, a consistent, data-based stability and calibration picture of the matter-dynamics rate Xypr
is established, which can be seamlessly extended to the energetic embedding and the GR limit
test.

Notes on Figures/Tables for Typesetting:
e Fig.1: Mode dynamics SXMDRk(t) (damping + frequency).
e Fig. 2: Fit of xg%ﬁ,(z) by both potentials + residuals.
e Fig. 3: Phase space (XmMpr, XMDR)-

e Table 1: Data basis and normalization quantities (e.g., zy).
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Machine-readable plain text for correct evaluation of the PDF by Al,
parser, and analysis systems.

[BEGIN MACHINE-READABLE FORMULAS - PRIMARY SOURCE]

# PARSING-MODE: HIGH-LEVEL-TEXT

# ENCODING: UTF-8 ASCII-COMPATIBLE

# SOURCE-OF-TRUTH: MACHINE-READABLE SECTION

# NON-CIRCULARITY-DECLARATION:

# The Lagrange-structure defined here is independent of any specific numerical
# choice of \chi_{\mathrm{EPO}}(\varepsilon) or \alpha(\varepsilon).

# All dynamical equations are derived solely within the variation space
#\chi_{\mathrm{MDR}}; empirical quantities enter only later as boundary

# or calibration conditions.

# No observational relation is used simultaneously as input assumption and as
# "prediction" of the same equation. Hence, the action framework is formally

# non-circular.

Linear Perturbations, Stability, and Calibration of the Matter-Dynamics Rate
\mathbf{\chi}_{\mathrm{MDR}}

This chapter links the linear perturbation analysis and stability of the matter-dynamics rate
\chi_{\mathrm{MDR}} with the empirical calibration of its potential
W\left(\chi_{\mathrm{MDR}};\alpha\left(\varepsilon\right)\right). The objective is a closed
representation of the dynamics of small deviations around the homogeneous solution, as well
as the data-driven determination of the potential parameters (best fit, residuals) derived from
supernova, CF3, and BAO data.

Variable Convention in ISOCH: Theoretical relations use \varepsilon; empirical fits are expressed
in z. The correspondence is established through an empirical mapping \varepsilon=f\left(z\right).
(The original equations from the sources are reproduced without modification and
subsequently-where necessary-reflected in ISOCH-conform notation.)

Linear Perturbations and Stability

In this chapter, only perturbations of the matter-dynamics rate \delta\chi_{\mathrm{MDR}} on a
fixed FLRW background are considered. Metric perturbations \delta g_{\mu\nu} are not included.
The background quantities H,\rho_\chi, p_\chi are closed by the Friedmann pair in Part 4 and
serve as the reference for all linear modes.

We consider small perturbations around the homogeneous background rate:
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\chi_{\mathrm{MDR}\left(x*"\mu\right)\;=\;{\overline{\chi}}_{\mathrm{MDR}\left(t\right)\;+\;\delt
a\chi_{\mathrm{MDR}\left(x*\mu\right),
\left|\delta\chi_{\mathrm{MDR}\right\l\left|{\overline{\chi}}_{\mathrm{MDR}}\right|.

The linearization of the variational equation in the FLRW background yields:

\delta{\ddot{\chi}}_{\mathrm{MDR}}\;+\;3H\delta{\dot{\chi}}_{\mathrm{MDR}}\;-
\;\frac{1H{a"2\nabla”2\delta\chi_{\mathrm{MDR}}\;+\;\left.\frac{\partial*2V{\partial\chi_{\math
rm{MDR}}"*2}right|_{{\overline{\chi}}_{\mathrm{MDR}\delta\chi_{\mathrm{MDR}}\;=\;0.

With the Fourier decomposition
\delta\chi_{\mathrm{MDR}\left(\mathbf{x},t\right)=\int{\delta\chi_{\mathrm{MDR}\left(k,t\right)}
e™ik\cdot\mathbf{x}} d*3k it follows for each mode k:

\delta{\ddot{\chi}}_{\mathrm{MDR}}+3H\delta{\dot{\chi}}_{\mathrm{MDR}}+\left(\frac{k*2{a"2}+
m_{\mathrm{eff}}*2\right)\delta{\chi_{\mathrm{MDR}}}_k=0,
m_{\mathrm{eff}}*2=\left.\frac{\partial*2V{\partial\chi_{\mathrm{MDR}}*2\\right|_{{\overline{\c
hi}}_{\mathrm{MDR}}}>0.

This represents a damped harmonic oscillator with damping term 3H and (undamped) mode
frequency

\omega_k”"2\;=\;\frac{k"2Ka"2}+m_{\mathrm{eff}}*2.
Original Solution Form (Source):

\delta{\chi_{\mathrm{MDR}}}_k\left(t\right)\;=\;A_k e"*{-
\frac{3H{2}HtN\sin{\left(\omega_kt+\phi_k\right)}.

Stability Criteria (Source):
K_{\chi_{\mathrm{MDR}}}>0, m_{\mathrm{eff}}*2>0.

These conditions exclude ghost modes (negative kinetic energy) and tachyonic instabilities.
(Section and equations follow the original file on perturbation analysis.)

Note on the ISOCH Convention (Reflection, not Replacement):

In the damped oscillator formalism, the damped natural frequency is often written as
\omega_{k,\mathrm{d}}"2=\frac{k”2K{a” 2}+m_{\mathrm{eff}}* 2-\left(\frac{3HK{2\right)"2
The original source, however, states

\omega_k”"2=\frac{k"2Ka"2}+m_{\mathrm{eff}}"2

and expresses the solution in the form

e{-3Ht/2\sin{\left(\omega_kt+\phi_k\right)}.

We adopt the original formula (as required) and indicate the ISOCH-conform damping notation
additionally in parentheses.

Physical Significance (Source):

Page 7 of 10



ISOCH - Lagrangian Structure (Part 3 of 5)

Autor: [Thomas Graf * Vaihingen a. d. Enz * Germany] — Version: 1.1 * © November 2025

The Hubble damping term 3H\delta{\dot{\chi}}_{\mathrm{MDR}}\ suppresses local deviations;
the potential curvature (through m_{\mathrm{eff}}"2) generates a restoring force. The matter-
dynamics rate relaxes toward \chi_{\mathrm{MDR}}=1.

Figure 1: Schematic representation of the mode dynamics
\delta{\chi_{\mathrm{MDR}}}_k\left(t\right) with envelope e*{-3Ht/2} and frequency \omega_k;
parameter examples taken from the calibration section.

Potential Forms and Equation of Motion (Calibration Framework)
For calibration, the variational equation is integrated in the background:

K_{\chi_{\mathrm{MDR}}\left({\ddot{\chi}}_{\mathrm{MDR}+3H{\dot{\chi}}_{\mathrm{MDR}}\rig
ht)\;+\;\frac{\partial V{\partial\chi_{\mathrm{MDR}}}\;=\;0.

Two potential forms are tested (Source):

1. Linear-Drift Potential
VM\prime\left(\chi_{\mathrm{MDR}}\right)=\Lambda_{\chi_{\mathrm{MDR}}}*3=\mathrm{const.}
2. Quadratic Relaxation Potential

V\left(\chi_{\mathrm{MDR}}\right)=\frac{1H2}
m_{\chi_{\mathrm{MDR}}}* 2\left(\chi_{\mathrm{MDR}}-1\right)*2.

Both potentials are fitted to the empirical trend function (Source):

Original fit relation: \chi_{\mathrm{EPO}\left(\varepsilon\right)\;\approx\;1-
\alpha_{\mathrm{ISOCH}}\;\frac{zKz_N},

where \alpha_{\mathrm{ISOCHY}} is taken as the slope from observational data. (The source
mixes \varepsilon and z; the ISOCH-conform notation is provided below.)

ISOCH-conform reflection of the fit relation (complementary):

\chi_{\mathrm{EPO}\left(\varepsilon\right)\;\approx\;1-
\alpha_{\mathrm{ISOCH}}\;\frac{\varepsilon}{\varepsilon_N},
\chi_{\mathrm{EPO}}*{\mathrm{obs}}\left(z\right)\;\approx\;1-
\alpha_{\mathrm{ISOCH}}\;\frac{zKz_N},\varepsilon=f\left(z\right).

(This reflection does not alter the original equation; it merely makes the required ISOCH
separation explicit.)

Dataset Type z-Range Quantity Used Normalization z_N Purpose

SH_OES/Cepheid-calibrated \mathrm{SNe\ la} Local SNe sample 0.01-0.15
d_L\left(z\right),H_Oref 0.15 Local anchor

CF3 (flow) Galaxy velocity field<0.05 v/H_0 0.05 Flow calibration

BAO (eBOSS DR16/BOSS DR12) Mid-z geometry 0.3-2.5 F_{APNleft(z\right) 2.3 High-z link
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Pantheon+Global \mathrm{SNe\ Ia} sample 0.01-2.3 \mu\left(z\right),\ d_L\left(z\right) 2.3
\chi_{\mathrm{EPO}} empirical fit

Table 1: Overview of the datasets used (SNe la, CF3, BAO) and the normalization variable z_N;
definition of the discretization steps used in the numerical integration.

Calibration Results and Residuals
The calibration yields normalized parameter combinations (Source):

\frac{\Lambda_{\chi_{\mathrm{MDR}}}* 3{K_{\chi_{\mathrm{MDR}}}}\;\approx\;3.4\times{10}"{-
3}H_0"3,
\frac{m_{\chi_{\mathrm{MDR}}}*2KK_{\chi_{\mathrm{MDR}}}}\;\approx\;2.9\times{10}*{-2}
H_0"2

as well as characteristic residuals (Source; smallest mean deviation for the linear-drift
potential). Both potentials reproduce the empirical
\chi_{\mathrm{EPO}}"*{\mathrm{obs}}\left(z\right) function within the uncertainties.

Figure 2: Comparison of the reconstructed \chi_{\mathrm{EPO}}*{\mathrm{obs}}\left(z\right)
from both potentials (Linear-Drift vs. Quadratic) with the data points; residuals shown in the
inset or Panel B.

Figure 3: Phase-space representation
\left(\chi_{\mathrm{MDR}},{\dot{\chi}}_{\mathrm{MDR}}\right) or both potentials with identical
\alpha_{\mathrm{ISOCH}}- normalization; visualization of the relaxation toward
\chi_{\mathrm{MDR}}=1.

Parametric Uniqueness (Reference to a-Fixation)

From the calibration it follows that the potential parameters are uniquely determined by
\alpha_{\mathrm{ISOCH]}} (no free fit variables). The normalized best-fit values given in the
calibration file (see above) are directly linked to the empirical slope; in the sensitivity analysis
(separate document), the \pm1c error bands lie below approximately 10%. (Only the reference is
established here; the actual derivation of the error bands is provided in the sensitivity
document.)

Consolidated Interpretation

Stability: For K {\chi_{\mathrm{MDR}}}>0\ and\ m_{\mathrm{eff}}*2>0, the modes
\delta{\chi_{\mathrm{MDR}}}_k are damped. The original solution is given in the form e”"{-
3Ht/2\sin{\left(\omega_kt+\phi_k\right)} (with \omega_k"2=k"*2/a*2+m_{\mathrm{eff}}"2); this
describes the relaxation toward the fixed point \chi_{\mathrm{MDR}}=1.

Calibration: Both potentials V*\prime=\Lambda_{\chi_{\mathrm{MDR}}}*3 and
V=\frac{1H{2}m_{\chi_{\mathrm{MDR}}}*2\left(\chi_{\mathrm{MDR}}-1\right)*2 reproduce the
empirical trend function; the linear-drift potential achieves the smallest mean residual. The
normalized parameter values (relative to H_0) are as given above.
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ISOCH Convention: Theoretical relations are expressed in \varepsilon; empirical fits remain in z.
The original fit equation from the source (with \varepsilon and z in a single line) was quoted
unchanged and directly mirrored in ISOCH-conform form (separate expressions for theory and
empirics).

Conclusion

The present synthesis shows that the matter-dynamics rate \chi_{\mathrm{MDR}} is linearly
stable and that its potential parameters can be uniquely fixed by the empirical slope
\alpha_{\mathrm{ISOCH]}}. The perturbation analysis yields the damped mode behavior with
relaxation toward \chi_{\mathrm{MDR}}=1; the calibration against
\chi_{\mathrm{EPO}}"*{\mathrm{obs}}\left(z\right) determines the parameter combinations

\Lambda_{\chi_{\mathrm{MDR}}}*3/K_{\chi_{\mathrm{MDR}}}\ and
m_{\chi_{\mathrm{MDR}}}*2/K_{\chi_{\mathrm{MDR}}

in physically plausible magnitudes (normalized to H_0) with small residuals. The ISOCH variable
convention (theory in \varepsilon, empirics in z) is explicitly implemented without altering the
original formulas: originals were reproduced verbatim and directly mirrored in ISOCH-conform
form.

Thus, a consistent, data-based stability and calibration picture of the matter-dynamics rate
\chi_{\mathrm{MDR}} is established, which can be seamlessly extended to the energetic
embedding and the GR limit test.

Notes on Figures/Tables for Typesetting:

Fig. 1: Mode dynamics \delta{\chi_{\mathrm{MDR}}}_k\left(t\right) (damping+frequency).
Fig. 2: Fit of \chi_{\mathrm{EPO}}"*{\mathrm{obs}}\left(z\right) by both potentials+residuals.
Fig. 3: Phase space \left(\chi_{\mathrm{MDR}},{\dot{\chi}}_{\mathrm{MDR}}\right).

Table 1: Data basis and normalization quantities (e.g., z_N).

[END MACHINE-READABLE FORMULAS - PRIMARY SOURCE]
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